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Abstrat
Starting from the potential theoreti denition of the loal times
of a Markov proess  when these exist  we obtain a Tanaka formula
for the loal times of symmetri Lévy proesses. The most interesting
ase is that of the symmetri α-stable Lévy proess (for α ∈ (1, 2])
whih is studied in detail. In partiular, we determine whih pow-
ers of suh a proess are semimartingales. These results omplete, in
a sense, the works by K. Yamada [19℄ and Fitzsimmons and Getoor [8℄.
Keywords: resolvent, loal time, stable Lévy proess, additive fun-
tional.
AMS Classiation: 60J65, 60J60, 60J70.
1 Introdution and main results
It is well known that there are dierent onstrutions and denitions of loal
times orresponding to dierent lasses of stohasti proesses. For a large
panorama of suh denitions, see Geman and Horowitz [12℄.
The most ommon denition of the loal times L = {Lxt : x ∈ R, t ≥ 0}
of a given proess {Xt : t ≥ 0} is as the RadonNikodym derivative of
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the oupation measure of X with respet to the Lebesgue measure in R;
preisely L satises ∫ t
0
f(Xs) ds =
∫ ∞
−∞
f(x)Lxt dx (1.1)
for every Borel funtion f : R 7→ R+.
There is also the well known stohasti alulus approah developed by
Meyer [16℄ in whih one works with a general semimartingale {Xt : t ≥ 0},
and denes Λ = {λxt : x ∈ R, t ≥ 0} with respet to the Lebesgue measure
from the formula ∫ t
0
f(Xs) d <X
c>s=
∫ ∞
−∞
f(x)λxt dx. (1.2)
Of ourse, in the partiular ase when d <Xc>s= ds, i.e., X
c
is a Brownian
motion, then the denitions of L and λ oinide. In other ases, e.g., if
Xc ≡ 0, they will dier.
In this paper we fous on the potential theoreti approah appliable in
the Markovian ase in whih the loal times are dened as additive funtion-
als whose p-potentials are equal to p-resolvent kernels of X. Loal times an
hereby be interpreted as the inreasing proesses in the Doob-Meyer deom-
positions of ertain submartingales. Considering the p-resolvent kernels and
passing to the limit, in an adequate manner, as p → 0, we obtain a formula
(1.3), whih learly extends Tanaka's original formula for the loal times of
Brownian motion to those of the symmetri α-stable proesses, α ∈ (1, 2], al-
ready obtained by T. Yamada [20℄ and further developed in K. Yamada [19℄.
Our approah may be simpler and may help to make these results better
known to probabilists working with Lévy proesses.
The formula (1.3) below and its ounterparts about deompositions of
powers of symmetri α-stable Lévy proesses show at the same time similar-
ities and dierenes with the well known formulae for Brownian motion (see,
in partiular, Chapter 10 in [23℄ onerning the prinipal values of Brownian
loal times). We hope that the Tanaka representation of the loal times in
(1.3) may be useful to gain some better understanding for the Ray-Knight
theorems of the loal times of X as presented in Eisenbaum et al. [6℄, sine
in the Brownian ase, Tanaka's formula has been suh a powerful tool for
this purpose, see, e.g., Jeulin [15℄.
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We now state the main formulae and results for the symmetri α-stable
Lévy proess X = {Xt}. To be preise, we take X to satisfy
E (exp(iλXt)) = exp(−t|λ|α), λ ∈ R,
in partiular, for α = 2, X equals
√
2 times a standard BM. General riteria
an be applied to verify that X possesses a jointly ontinuous family of loal
times {Lxt } satisfying (1.1). The onstants ci appearing below and later in
the paper will be omputed preisely in Setion 5; learly, they depend on
the index α and/or the exponent γ.
1) For all t ≥ 0 and x ∈ R
|Xt − x|α−1 = |x|α−1 +Nxt + c1 Lxt , (1.3)
where Nx is a martingale suh that for 0 ≤ γ < α/(α − 1), espeially for
γ = 2,
E
(
sup
s≤t
|Nxs |γ
)
<∞. (1.4)
Moreover, the ontinuous inreasing proess assoiated with Nx is
<Nx>t := c2
∫ t
0
ds
|Xs − x|2−α . (1.5)
2) For α− 1 < γ < α the submartingale {|Xt − x|γ} has the deomposition
|Xt − x|γ = |x|γ +N (γ)t + A(γ)t , (1.6)
where N (γ) is a martingale and A(γ) is the inreasing proess given by
A
(γ)
t := c3
∫ t
0
ds
|Xs − x|α−γ . (1.7)
3) For 0 < γ < α − 1 the proess {|Xt − x|γ} is not a semimartingale
but for (α − 1)/2 < γ < α − 1 it is a Dirihlet proess with the anonial
deomposition
|Xt − x|γ = |x|γ +N (γ)t + A(γ)t , (1.8)
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where N (γ) is a martingale and A(γ), whih has zero quadrati variation, is
given by the prinipal value integral
A
(γ)
t := c4 p.v.
∫ t
0
ds
|Xs − x|α−γ := c4
∫
dz
|z|α−γ
(
Lx+zt − Lxt
)
. (1.9)
The paper is organized so that in Setion 2 some preliminaries about sym-
metri Lévy proesses inluding their generators and some variants of the It
formula are presented. In Setion 3 we derive the Tanaka formula for general
symmetri Lévy proesses admitting loal times. The above stated results
for symmetri stable Lévy proesses are proved and extended in Setion 4.
In Setion 5 we ompute expliitly the onstants ci featured above and also
further ones appearing espeially in Setion 4. This is done by exhibiting
some lose relations between these onstants and the known expressions of
the moments E(|X1|γ) where X1 denotes a standard symmetri α-stable vari-
able. In Setion 6, we onsider, instead of |Xt−x|γ , the proess {(Xt−x)γ,∗},
where
aγ,∗ := sgn(a) |a|γ,
is the symmetri power of order γ, and we determine the parameter values
for whih these proesses are semimartingales or Dirihlet proesses, thus
ompleting results 1), 2) and 3) above.
2 Preliminaries on symmetri Lévy proesses
Throughout this paper, we onsider a real-valued symmetri Lévy proess
X = {Xt} and, if nothing else is stated, we assume X0 = 0. The Lévy
exponent Ψ of X is a non-negative symmetri funtion suh that
E (exp(iξXt)) = E (cos(ξXt)) = exp (−tΨ(ξ)) . (2.1)
The Lévy measure ν of X satises, as is well known, the integrability ondi-
tion ∫ ∞
−∞
(1 ∧ z2) ν(dz) <∞.
By symmetry, ν(A) = ν(−A) for any A ∈ B, the Borel σ-eld on R; hene,
Ψ(ξ) =
1
2
σ2 ξ2 −
∫ ∞
−∞
(
ei ξ z − 1− i ξ z 1{|z|≤1}
)
ν(dz)
=
1
2
σ2 ξ2 + 2
∫ ∞
0
(1− cos(ξz)) ν(dz). (2.2)
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Reall also (see, e.g., Ikeda and Watanabe [14℄ p. 65) that X admits the
Brownian-Poisson representation
Xt = σ Bt +
∫
(0,t]
∫
{|z|≥1}
zΠ(ds, dz) +
∫
(0,t]
∫
{|z|<1}
z (Π− pi)(ds, dz), (2.3)
where the Brownian motion B and the Poisson random measure Π with the
intensity
pi(ds, dz) := E(Π(ds, dz)) = ds ν(dz)
are independent. Due to the symmetry of ν, the generator of X an be
written as
Gf(x) := GBf(x) + GΠf(x)
:=
1
2
σ2 f ′′(x) +
∫
R
(
f(x+ y)− f(x)− f ′(x) y 1{|y|<1}
)
ν(dy)
=
1
2
σ2 f ′′(x) +
∫
R
(f(x+ y)− f(x)− f ′(x) y) ν(dy). (2.4)
where G ats on regular funtions f in partiular those in the Shwartz spae
S(R) of rapidly dereasing funtions. Given a smooth funtion f, the pre-
ditable form of the It formula (see Ikeda and Watanabe [14℄ and K. Yamada
[19℄) writes
f(Xt)− f(X0)−
∫ t
0
Gf(Xs) ds (2.5)
= σ
∫ t
0
f ′(Xs) dBs +
∫ t
0
∫
R
(f(Xs− + z)− f(Xs−)) (Π− pi)(ds, dz).
The formula (2.5) onnets with the It formula for semimartingales, as de-
veloped by Meyer [16℄, and displayed as
f(Xt) = f(X0) +
∫ t
0
f ′(Xs−) dXs +
σ2
2
∫ t
0
f ′′(Xs) ds
+
∑
0<s≤t
(f(Xs)− f(Xs−)− f ′(Xs−)∆Xs) . (2.6)
The sum of jumps
∑
0<s≤t
(. . . ) may be ompensated by
∫ t
0
GΠf(Xs) ds, and,
hene, we have reovered the integrated form of (2.4):∫ t
0
Gf(Xs) ds =
∫ t
0
GBf(Xs) ds+
∫ t
0
GΠf(Xs) ds.
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We reord also a more general ompensator formula employed later in the
paper. For this, let Φ : R×R 7→ R+ be a Borel measurable funtion. Then
E
(∑
0<s≤t
Φ(Xs−, Xs)1{∆Xs 6=0}
)
= E
(∫ t
0
∫
R\{0}
pi(ds, dz)Φ(Xs, Xs + z)
)
. (2.7)
3 Loal times for symmetri Lévy proesses
From now on, we assume that∫ ∞
−∞
1
1 + Ψ(ξ)
dξ <∞. (3.1)
From standard Fourier arguments (see Bertoin [1℄ and, e.g., Borodin and
Ibragimov [2℄ p. 67) one an show the existene of a jointly measurable family
of loal times {Lxt : x ∈ R, t ≥ 0} satisfying for every Borel-measurable
funtion f : R 7→ R+ the oupation time formula∫ t
0
ds f(Xs) =
∫ ∞
−∞
f(x)Lxt dx.
For the ondition (expressed in terms of the funtion v in (3.6)) under whih
(t, x) 7→ Lxt is ontinuous, see Bertoin [1℄ p. 148. In partiular, the ondition
holds for symmetri α-stable Lévy proesses; in fat it was shown by Boylan
[3℄, see also Getoor and Kesten [13℄, that
|Lx+yt − Lxt | ≤ Kt |y|θ (3.2)
for any θ < (α− 1)/2 and some random onstant Kt.
Our approah toward a Tanaka formula for these loal times is based on
the potential theoreti onstrution whih we now develop. It is well known,
see Bertoin [1℄ p. 67, that for any p > 0
u(p)(x) =
1
pi
∫ ∞
0
cos(ξx)
p+Ψ(ξ)
dξ (3.3)
is a ontinuous version of the density of the resolvent
U (p)(0, dx) = E0
(∫ ∞
0
e−p t1{Xt∈dx} dt
)
.
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Moreover, for every x the loal time {Lxt } an be hosen as a ontinuous
additive funtional suh that
u(p)(y − x) = Ey
(∫ ∞
0
e−p tdtLxt
)
. (3.4)
From (3.4) we dedue the Doob-Meyer deomposition given in the next
Proposition 3.1. For every xed x
u(p)(Xt − x) = u(p)(X0 − x) +M (p,x)t + p
∫ t
0
u(p)(Xs − x)ds− Lxt , (3.5)
where M (p,x) is a martingale with respet to the natural ltration {Ft} of X.
Moreover, for every xed t, both the martingale {M (p,x)s : s ≤ t} and the
random variable Lxt belong to BMO; in partiular, L
x
t has some exponential
moments.
Proof. Straightforward omputations using the Markov property show that
for y = X0
Ey
(∫ ∞
0
e−p tdtLxt | Fs
)
=
∫ s
0
e−p tdtLxt + e
−p su(p)(Xs − x),
whih together with an integration by parts yields (3.5). We leave the proofs
of the remaining assertions to the reader.
A variant of the Tanaka formula shall now be obtained by letting p→ 0 in
(3.5). The result is stated in Proposition 3.3 but rst we need an important
ingredient.
Lemma 3.2. For every x ∈ R
lim
p→0
(
u(p)(0)− u(p)(x)) = 1
pi
∫ ∞
0
1− cos(ξx)
Ψ(ξ)
dξ =: v(x). (3.6)
Proof. The statement follows from (3.3) by dominated onvergene beause
(f. (2.2)) ∫ ∞
1
1
Ψ(ξ)
dξ <∞, and
∫ 1
0
ξ2
Ψ(ξ)
dξ <∞.
Notie also that v is ontinuous.
7
The formula (3.7) below generalizes in a sense the Tanaka formula for
Brownian motion to symmetri Lévy proesses. In the next setion we study
the partiular ase of symmetri stable proesses.
Proposition 3.3. Let v be the funtion introdued in (3.6) and M (p,x) the
martingale dened in Proposition 3.1. Then
v(Xt − x) = v(x) + N˜xt + Lxt , (3.7)
where N˜xt := − limp→0M (p,x)t denes a martingale.
Remark 3.4. Standard results about martingale additive funtionals of X
yield the following representations
N˜xt = σ
∫ t
0
v′(Xs − x) dBs
+
∫
(0,t]
∫
R
(v(Xs− − x+ z)− v(Xs− − x)) (Π− pi)(ds, dz),
and
< N˜x >t= σ
2
∫ t
0
(v′(Xs − x))2 ds
+
∫ t
0
∫
R
(v(Xs − x+ z)− v(Xs − x))2 pi(ds, dz),
where v′ is a weak derivative of v.
Proof. Consider the identity (3.5). Let therein p→ 0 and use Lemma 3.2 to
obtain
v(Xt − x) = v(x)− lim
p→0
(
M
(p,x)
t + p
∫ t
0
u(p)(Xs − x)ds
)
+ Lxt . (3.8)
From (3.3) u(p)(y) ≤ u(p)(0), and, onsequently,
0 ≤ p
∫ t
0
u(p)(Xs − x)ds ≤ p u(p)(0) t. (3.9)
Next we show that
lim
p→0
p u(p)(0) = 0. (3.10)
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Indeed, using (3.3) again,
p u(p)(0) =
1
pi
∫ ∞
0
p dξ
p+Ψ(ξ)
≤ 1
pi
∫ 1
0
p dξ
p+Ψ(ξ)
+
p
pi
∫ ∞
1
dξ
Ψ(ξ)
, (3.11)
and (3.10) results by dominated onvergene. Hene, (3.8) yields (3.7) with
N˜x as laimed. It remains to prove that N˜x is a martingale. For this it is
enough to show that
E
(
|N˜xt −M (p,x)t |
)
→ 0 as p→ 0. (3.12)
To prove (3.12) onsider
|N˜xt −M (p,x)t | ≤ p
∫ t
0
u(p)(Xs − x)ds+ |v(x)− (u(p)(0)− u(p)(x))|
+|v(Xt − x)− (u(p)(0)− u(p)(Xt − x))|.
From (3.9) and (3.10), the integral term goes to 0 as p→ 0. Next, by Fubini's
theorem and (2.1)
E
(∣∣v(Xt − x)− (u(p)(0)− u(p)(Xt − x))∣∣)
=
1
pi
p
∫ ∞
0
1− E(cos(ξ(Xt − x)))
Ψ(ξ)(p+ Ψ(ξ))
dξ
=
1
pi
p
∫ ∞
0
1− cos(ξ x) exp(−tΨ(ξ))
Ψ(ξ)(p+Ψ(ξ))
dξ
≤ 1
pi
p
(∫ ∞
0
1− cos(ξ x)
Ψ(ξ)(p+Ψ(ξ))
dξ +
∫ ∞
0
tΨ(ξ)
Ψ(ξ)(p+Ψ(ξ))
dξ
)
.
Applying the dominated onvergene theorem for the rst term above and
(3.11) for the seond one give
lim
p→0
E
(∣∣v(Xt − x)− (u(p)(0)− u(p)(Xt − x))∣∣) = 0,
ompleting the proof.
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Example 3.5. For standard Brownian motion B we have
u(p)(x) =
1√
2p
e−
√
2p|x|.
Consequently,
v(x) := lim
p→0
(
u(p)(0)− u(p)(x)) = |x|.
and the formula (3.7) takes the familiar form
|Bt − x| = |x|+Nxt + Lxt
where
Nxt = lim
p→0
∫ t
0
e−
√
2 p|Bs−x| sgn(Bs − x) dBs
=
∫ t
0
sgn(Bs − x) dBs.
4 Symmetri α-stable Lévy proesses
Let X = {Xt}, X0 = 0, denote the symmetri α-stable proess with the Lévy
exponent
Ψ(ξ) = |ξ|α, α ∈ (1, 2).
We remark that the ondition (3.1) is satised, and also that the loal time
of X has a jointly ontinuous version, as is disussed in Setion 3. For
larity, we have exluded the Brownian motion from our study. However,
the orresponding results for Brownian motion may be reovered by letting
α→ 2. Reall also that E(|Xt|γ) <∞ for γ < α, and that the Lévy measure
is
ν(dz) = c5(α) |z|−α−1 dz, α ∈ (1, 2). (4.1)
The funtion v introdued in Lemma 3.2 is in the present ase given by
v(x) = c6(α) |x|α−1. (4.2)
The results announed in the Introdution are now presented again and
proven in a more omplete form through the following three propositions.
The rst one treats the laim 1) in the Introdution.
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Proposition 4.1. a) For xed x
c6(α)
(|Xt − x|α−1 − |x|α−1) = N˜xt + Lxt (4.3)
where {N˜xt } is a square integrable martingale. In fat, for all 0 ≤ γ <
α/(α− 1), espeially for γ = 2,
E
(
sup
s≤t
|N˜xs |γ
)
<∞. (4.4)
Moreover, the ontinuous inreasing proess assoiated with N˜x is
<N˜x>t:= c7(α)
∫ t
0
ds
|Xs − x|2−α . (4.5)
b) For every t and x the variable Lxt belongs to BMO; in fat, for all s ≤ t
E (Lxt − Lxs | Fs) ≤ Kα,t (4.6)
for some onstant Kα,t whih does not depend on s.
Proof. The fat that N˜x is a martingale is lear from Proposition 3.3. Be-
ause Lxt has some exponential moments (f. Proposition 3.1), it is seen easily
from(4.3) that for γ > 0
E(|N˜xt |γ) <∞
if
E
(|Xt − x|γ(α−1)) <∞,
whih is true for γ(α − 1) < α. Consequently, an extension of the Doob-
Kolmogorov inequality, gives (4.4). The martingale N˜x has no ontinuous
martingale part. Hene, letting
[N˜x]t :=
∑
s≤t
(∆N˜xs )
2 := (c6(α))
2
∑
s≤t
(|Xs − x|α−1 − |Xs− − x|α−1)2
it holds that { (N˜xt )2 − [N˜x]t } is a martingale. Consequently, <N˜x> an
be obtained as the dual preditable projetion of [N˜x], and from the Lévy
system of X , e.g., (2.7), we get
<N˜x>t= (c6(α))
2 c5(α)
∫ t
0
ds
∫
R
dy
|y|α+1
(|Xs− − x+ y|α−1 − |Xs− − x|α−1)2 .
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Putting z = Xs− − x and introduing y = zu the latter integral takes the
form∫
R
dy
|y|α+1
(|z + y|α−1 − |z|α−1)2 = 1|z|2−α
∫
R
du
|u|α+1
(|1 + u|α−1 − 1)2 .
Consequently, <N˜x> is as laimed. To prove the seond part of the propo-
sition, notie that by the martingale property
E (Lxt − Lxs | Fs) = c6(α) E
(|Xt − x|α−1 − |Xs − x|α−1 | Fs)
≤ c6(α) E
(|Xt −Xs|α−1 | Fs)
≤ c6(α) E
(|Xt−s|α−1)
≤ K ′α t(α−1)/α,
where also the saling property and the inequality
|xp − yp| ≤ |x− y|p, 0 < p ≤ 1,
are used.
The following orollary plays the same rle for X as the lassial It-
Tanaka formula plays for Brownian motion. In fat, a large part of this
paper disusses for whih funtions the identity (4.7), or some variant of it
is valid.
Corollary 4.2. Let f be a bounded Borel funtion with ompat support and
dene
F (y) :=
∫
dxf(x) |y − x|α−1.
Then
F (Xt) = F (0) +
∫
dxf(x)Nxt + c1(α)
∫ t
0
ds f(Xs) (4.7)
expresses the anonial semimartingale deomposition of {F (Xt)} with
{∫ dxf(x)Nxt } a martingale.
Proof. It sues to integrate both sides of (4.3) (or rather (1.3)) with respet
to the measure f(x) dx.
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Remark 4.3. a) In K. Yamada [19℄ the representation (4.3) of the loal time
(or Tanaka's formula for symmetri α-stable proesses) is derived using the
so alled mollier approah as in Ikeda and Watanabe [14℄ in the Brownian
motion ase. In this ase the martingale is given by
N˜xt = c6(α)
∫
(0,t]
∫
R
(|Xs− − x+ z|α−1 − |Xs− − x|α−1) (Π− pi)(ds, dz),
where Π and pi are the Poisson random measure and the orresponding in-
tensity measure, respetively, assoiated with X .
b) The inequality (4.6) holds for all symmetri Lévy proesses having loal
times. Indeed, it is proved in Bertoin [1℄ p. 147 Corollary 14 that the fun-
tion v dened in (3.6), Lemma 3.2, indues a metri on R, and, in partiular,
the triangle inequality holds. Consequently,
E (Lxt − Lxs | Fs) ≤ E(v(Xt −Xs)) = E(v(Xt−s)) ≤ E(v(Xt)) <∞
beause
E(v(Xt)) =
1
pi
∫ ∞
0
1− exp(−tΨ(ξ))
Ψ(ξ)
dξ
≤ 1
pi
(
t+
∫ ∞
1
dξ
Ψ(ξ)
)
<∞.
) We leave it to the reader to establish a version of Corollary 4.2 for general
symmetri Lévy proesses.
Proposition 4.4. For a given x and α − 1 < γ < α the submartingale
{|Xt − x|γ : t ≥ 0} has the deomposition
|Xt − x|γ = |x|γ +N (γ)t + A(γ)t , (4.8)
where N (γ) is a martingale and A(γ) is the inreasing proess given by
A
(γ)
t = c3(α, γ)
∫ t
0
ds
|Xs − x|α−γ . (4.9)
Moreover, when α − 1 ≤ γ ≤ α/2 the inreasing proess <N (γ)> is of the
form
<N (γ)>t= c8(α, γ)
∫ t
0
ds
|Xs − x|α−2γ . (4.10)
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Proof. Formula (4.8) is obtained by integrating both sides of equation (4.3)
(or (1.3) taken at level z with respet to the measure dz/|z − x|α−γ . The
form of the left hand side is obtained from the saling argument. Beause
A(γ) is ontinuous the omputation for nding <N (γ)> is very similar to the
omputation of <N˜x> in the proof of Proposition 4.1. We have
<N (γ)>t=
∫ t
0
ds
∫
R
ν(dy) (|Xs− − x+ y|γ − |Xs− − x|γ)2 , (4.11)
whih easily yields (4.10).
For the next proposition, we reall the notion of Dirihlet proess, that is
a proess whih an deomposed uniquely as the sum of a loal martingale
and a ontinuous proess with zero quadrati variation (see, e.g., Föllmer
[10℄, Fukushima [11℄).
Proposition 4.5. a) For 0 < γ < α − 1 the proess |X − x|γ is not a
semimartingale.
b) For (α−1)/2 < γ < α−1 the proess |X−x|γ is a Dirihlet proess with
the anonial deomposition
|Xt − x|γ = |x|γ +N (γ)t + A(γ)t , (4.12)
where N (γ) is a martingale and A(γ) is given by the prinipal value integral
A
(γ)
t = c4(α, γ) p.v.
∫ t
0
ds
|Xs − x|α−γ
= c4(α, γ)
∫
R
dz
|z|α−γ
(
Lx+zt − Lxt
)
. (4.13)
Moreover, the inreasing proess <N (γ)> is as given in (4.10).
Proof. a) We take x = 0 and adapt the argument in Yor [21℄ applied therein
for ontinuous martingales. Assume that Yt := |Xt|γ, γ < α − 1, denes a
semimartingale. Then
|Xt|α−1 = Y θt
with θ = γ/(α − 1) > 1, and It's formula for semimartingales (notie that
Y c ≡ 0) gives
Y θt =
∫ t
0
θ Y θ−1s− dYs + Σt, (4.14)
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where
Σt :=
∑
0<s≤t
(
Y θs − Y θs− − θ Y θ−1s− ∆Ys
)
.
The argument of the proof is that under the above assumption the loal time
L0t ≡
∫ t
0
1{Xs−=0} d|Xs|α−1 (4.15)
would be equal to zero. To derive this ontradition notie from (4.14) and
(4.15) that
L0t =
∫ t
0
1{Ys−=0} dY
θ
s =
∫ t
0
1{Ys−=0} dΣs.
But beause Σ is a purely disontinuous inreasing proess and L0 is ontin-
uous this is possible only if L0 ≡ 0, whih annot be the ase; thus proving
that Y is not a semimartingale.
b) To prove (4.12) we onsider formula (1.3) at levels x+ z and x and write∫
R
dz
|z|α−γ
(|Xt − (x+ z)|α−1 − |Xt − x|α−1) (4.16)
=
∫
R
dz
|z|α−γ
(
Nx+zt −Nxt
)
+ c1(α)
∫
R
dz
|z|α−γ
(
Lx+zt − Lxt
)
.
The integral on the left hand side is well dened sine by saling∫
R
dz
|z|α−γ
(|Xt − (x+ z)|α−1 − |Xt − x|α−1) = |Xt − x|γ r(α, γ)
with
r(α, γ) :=
∫
R
dz
|z|α−γ
(|1− z|α−1 − 1) ,
whih is an absolutely onvergent integral. Next notie that the prinipal
value integral on the right hand side of (4.16) is well dened by the Hölder
ontinuity in x of the loal times (f. (3.2)). It also follows that the rst
integral on the right hand side of (4.16) is meaningful and, by Fubini's theo-
rem, it is a martingale. In Fitzsimmons and Getoor [8℄ it is proved that A(γ)
has zero p-variation for p > po := (α−1)/(α−1−γ) and innite p-variation
for p < po. Hene the laimed Dirihlet proess deomposition follows with
c4(α, γ) = c1(α)/r(α, γ). (4.17)
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5 Expliit values of the onstants
An important ingredient in the omputation of the expliit values of the
onstants is the formula for absolute moments of symmetri α-stable, α ∈
(1, 2), random variables due to Shanbhag and Sreehari [18℄ (see also Sato [17℄
p. 163, Chaumont and Yor [4℄ p. 110). To disuss this briey let
◦ Z be an exponentially distributed r.v. with mean 1,
◦ U a normally distributed r.v. with mean 0 and variane 1,
◦ X(α) a symmetri α-stable r.v. with harateristi funtion exp(−|ξ|α),
◦ Y (α/2) a positive α/2-stable r.v. with Laplae transform exp(−ξα/2).
Assume also that these variables are independent. Then it is easily
heked that (
Z/Y (α/2)
)α/2 d
= Z (5.1)
and
X(α)
d
=
√
2U
(
Y (α/2)
)1/2
. (5.2)
From (5.1) we obtain for γ < α/2
E
((
Y (α/2)
)γ)
=
Γ(1− 2γ
α
)
Γ(1− γ) ,
and, further, from (5.2) for −1 < γ < α
mγ := E
(|X(α)|γ) = 2γ Γ(1 + γ
2
) Γ(
α− γ
α
)/
(√
pi Γ(
2− γ
2
)
)
. (5.3)
The onstants with the assoiated referene numbers of the formulae
where they appear in the paper are summarized in the following table.
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Constant Value Ref.
c1(α) ((α− 1) pimα−1) /Γ(1/α) (1.3), (6.2), (6.3)
c2(α) (2(α− 1)m2(α−1))/(αmα−2) (1.5)
c3(α, γ) (γ mγ)/(αmγ−α) (1.7), (4.9)
c4(α, γ) c1(α)/r(α, γ) (4.13), (4.17)
c5(α) α/(2 Γ(1− α) cos(αpi/2)) (4.1)
c6(α) (c1(α))
−1 = (2pic5(α− 1))−1 (4.2)
c7(α) c2(α) (c6(α))
2 (4.5)
c8(α, γ) c3(α, 2γ)− 2c3(α, γ) (4.10)
We onsider rst the onstant c3(α, γ) and, for larity, reall formula (4.8):
|Xt − x|γ = |x|γ +N (γ)t + A(γ)t , (5.4)
with α− 1 < γ < α and
A
(γ)
t = c3(α, γ)
∫ t
0
ds
|Xs − x|α−γ .
Notie that letting γ ↓ α− 1 yields, in a sense,
A
(α−1)
t = c1(α)L
x
t , (5.5)
although, using the value in the table, c3(α, γ) → 0. From (5.4) it is seen
that f(y) = |y−x|γ belongs to the domain of the extended generator G, and,
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by saling we obtain the following integral representation
c3(α, γ) =
∫
R
ν(dy) (|1 + y|γ − 1− γy) .
On the other hand, taking x = 0 in (5.4), and using saling again together
with (5.3), we get
E (|Xt|γ) = c3(α, γ)
∫ t
0
dsE
(|Xs|γ−α) ,
whih is equivalent with
tγ/αmγ = c3(α, γ)
α tγ/α
γ
mγ−α
hene,
c3(α, γ) = γ mγ/αmγ−α.
A similar argument leads to an expression for c1(α). From (5.5) we get
E
(|Xt|α−1) = c1(α)E (L0t ) . (5.6)
We derive from (5.6) the existene of a onstant c0(α) suh that
E
(
dtL
0
t
)
= c0(α)dt t
−1/α,
and it follows from (5.5) that
mα−1 = α c1(α) c0(α)/(α− 1). (5.7)
We now ompute c0(α) to obtain c1(α) from (5.7). For this onsider the
identity (3.4) for x = y = 0
u(p)(0) = E0
(∫ ∞
0
e−p sdsL0s
)
,
whih in terms of c0(α) reads
1
pi
∫ ∞
0
dξ
p+ ξα
= c0(α)
∫ ∞
0
e−p ss−1/α ds.
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An elementary omputation reveals that
c0(α) =
1
pi
Γ((α+ 1)/α),
hene,
c1(α) = ((α− 1) pimα−1) /Γ(1/α).
Next we nd from formula (4.3) that
c6(α) = 1/c1(α). (5.8)
To ompute c8(α, γ) for α − 1 ≤ γ ≤ α/2 and the limiting ase c2(α) =
c8(α, α− 1) notie from (4.11) that
c8(α, γ) =
∫
R
ν(dy) (|1 + y|γ − 1)2 .
Comparing the integral representations of c3 and c8 it is seen that
2c3(α, γ) + c8(α, γ) = c3(α, 2γ) (5.9)
whih an also be dedued from the following formulae
(i) E
(|Xt|2 γ) = 2E
(∫ t
0
|Xs|γ dsA(γ)s
)
+ E
(
<N (γ)>t
)
= (2c3(α, γ) + c8(α, γ)) E
(∫ t
0
ds
|Xs|α−2γ
)
,
(ii) E
(|Xt|2 γ) = c3(α, 2γ)E
(∫ t
0
ds
|Xs|α−2γ
)
.
The rst one of these is an easy appliation of the It formula for semimartin-
gales and the seond one follows (5.4) beause γ ≤ α/2. From equation (5.9)
we get
c8(α, γ) = c3(α, 2γ)− 2c3(α, γ)
=
2γ
α
(
m2γ
m2γ−α
− mγ
mγ−α
)
.
The onstant c2 is now obtained by letting here γ → α− 1 and using m−1 =
+∞. Consequently
c2(α) =
2(α− 1)
α
m2(α−1)
mα−2
.
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To nd the onstant c5(α), we use the relationship (2.2) between Ψ and
ν whih yields after substitution y = ξz
c5(α) =
(
2
∫ ∞
0
1− cos y
yα+1
dy
)−1
.
Integrating by parts and using the formulae 2.3.(1) p. 68 in Erdelyi et al. [7℄
lead us to the expliit value of the integral∫ ∞
0
1− cos y
yα+1
dy =
Γ(1− α)
α
cos(αpi/2).
The onstant c6(α) an also learly be expressed in terms of c5
c6(α) = (2pic5(α− 1))−1 = 1
pi
∫ ∞
0
1− cos ξ
ξ α
dξ
=
1
pi
Γ(2− α)
α− 1 cos((α− 1)pi/2).
It an be veried by the dupliation formula for the Gamma funtion that
this agrees with (5.8). It holds also that c6(α)→ 1/2 as α ↑ 2.
The onstant c7 is obtained by simply omparing the denitions of N
x
in
(1.3) and N˜x in Proposition 4.1. We have
Nxt =
1
c6(α)
N˜xt
implying
c7(α) = c2(α) (c6(α))
2.
6 Symmetri prinipal values of loal times
Our previous results may be summarized as follows
(i) for α − 1 ≤ γ < α the proess {|Xt − x|γ} is a submartingale whose
Doob-Meyer deomposition is given by (4.8),
(ii) for (α− 1)/2 < γ < α− 1 the proess {|Xt−x|γ} is a Dirihlet proess
whose anonial deomposition is given by (4.12).
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These results do not disuss whether {(Xt − x)γ,∗}, the symmetri power of
order γ, i.e.,
(Xt − x)γ,∗ := sgn(Xt − x) |Xt − x|γ, (6.1)
is or is not a semimartingale or a Dirihlet proess. In the present setion it
is seen that this question an be answered ompletely relying on some results
in Fitzsimmons and Getoor [8℄ and [9℄, see also K. Yamada [19℄. Let x = 0
in (6.1) and introdue the prinipal value integral (f. (1.9))
p.v.
∫ t
0
ds
Xθ,∗s
:=
∫ ∞
0
dz
zθ
(
Lzt − L−zt
)
,
where by the Hölder ontinuity (3.2) the integral is well dened for θ <
(α + 1)/2.
Proposition 6.1. a) For α−1 < γ < α the proess {Xγ,∗t } is a semimartin-
gale.
b) For (α − 1)/2 < γ ≤ α − 1 the proess {Xγ,∗t } is a Dirihlet proess and
not a semimartingale.
) In both ases the unique anonial deomposition of the proess an be
written as
Xγ,∗t qα,θ = N
γ,∗
t + c1(α) p.v.
∫ t
0
ds
Xα−γ,∗s
, (6.2)
where
qα,α−γ =
∫ ∞
0
dx
xα−γ
(|1− x|α−1 − (1 + x)α−1)
and
Nγ,∗t =
∫ ∞
0
dx
xα−γ
(
Nxt −N−xt
)
.
In partiular, for γ = α− 1
Xα−1,∗t qα,1 = N
α−1,∗
t + c1(α) p.v.
∫ t
0
ds
Xs
. (6.3)
Proof. Beause {Xt} is a martingale, it follows from the Ito formula for semi-
martingales (2.6) that for 1 ≤ γ ≤ α the proess {Xγ,∗t } is a semimartingale.
The other statements in a) and b) are derived from the deomposition (6.2)
21
whih we now verify similarly as (4.12) in Proposition 4.5. Hene, we start
again from the identity (1.3) onsidered at x and −x, and write, informally∫ ∞
0
dx
xα−γ
(|Xt − x|α−1 − |Xt + x|α−1) (6.4)
=
∫ ∞
0
dx
xα−γ
(
Nxt −N−xt
)
+ c1(α)
∫ ∞
0
dx
xα−γ
(
Lxt − L−xt
)
,
To analyze the integral on the left hand side onsider
Qα,α−γ(a) =
∫ ∞
0
dx
xα−γ
(|a− x|α−1 − |a+ x|α−1) .
It is easily seen that this integral is absolutely onvergent and
Qα,α−γ(a) = aγ,∗ qα,α−γ .
Now the rest of the proof is very similar to that of Proposition 4.5 b), and is
therefore omitted.
Remark 6.2. a) The inreasing proess assoiated with Nγ,∗ is given by
<Nγ,∗t >t= q
2
α,α−γ
∫ t
0
ds
∫
R
ν(dz)
(
(Xs + z)
α−γ,∗ −Xα−γ,∗s
)2
= q2α,α−γ
∫ t
0
ds
|Xs|α−2γ
∫
R
ν(dz)
(
(1 + z)α−γ,∗ − 1)2 .
We also have by saling
E
(∫ t
0
ds
|Xs|α−2γ
)
=
∫ t
0
s(2γ−α)/α dsE
(|X1|2γ−α)
=
α
2γ
t2γ/α E
(|X1|2γ−α) .
b) Sine
|Xt|γ = (X+t )γ + (X−t )γ
and
|Xt|γ,∗ = (X+t )γ − (X−t )γ
it is straightforward to derive the deomposition formulae for {(X+t )γ} and
{(X−t )γ}, and we leave this to the reader.
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) Note how dierent (6.3) is in the Brownian ase α = 2, for whih on one
hand {Bt} is a martingale, and on the other hand
ϕ(Bt) =
∫ t
0
log |Bs| dBs + 1
2
p.v.
∫ t
0
ds
Bs
with ϕ(x) = x log |x| − x. For prinipal values of Brownian motion and ex-
tensions of It's formula, see Yor [22℄, [23℄ and Cherny [5℄.
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